VOL. 24,NO. 7, JULY 1986

AJAA JOURNAL 1163

Stress Analysis of a Mode I Edge Delamination
Specimen for Composite Materials

James M. Whitney*
Air Force Wright Aeronautical Laboratories, Wright-Patterson Air Force Base, Ohio

A higher-order laminated plate theory which includes transverse shear deformation and a thickness-stretch
mode is utilized to analyze a mode I edge delamination specimen, including thermal residual stresses. The
analysis allows one to obtain an approximate distribution of the interlaminar normal stress ahead of the crack
and to investigate the effect of specimen geometry on strain energy release rate. Both tension and compression
loading are considered. Numerical results indicate that thermal residual stresses can have a significant effect on
both the stress distribution ahead of the crack and the mode I strain energy release rate.

Introduction

T has been recognized that for certain stacking geometries

delamination can be produced along the free edges of a
simple laboratory laminated composite tensile coupon.
Pagano and Pipes! proposed such a test to characterize the
interlaminar tensile (peel) strength of laminated composite
materials. O’Brien? has extended this concept to the study of
delamination onset and growth in graphite/epoxy laminates.
He utilized a [ £30,/90/90], laminate subjected to uniaxial
tensile loading. A strain energy release rate calculation was
also developed in conjunction with this free-edge delamination
coupon.

Difficulties arise, however, in conjunction with the edge
delamination test (EDT). In particular, the crack growth from
the edges is neither uniform nor symmetric. The edge crack
does not remain in the laminate midplane, but oscillates be-
tween the midplane and the 90/ — 30 interfaces, producing a
mixed-mode fracture rather than a pure mode I delamination.

Recently, an edge delamination specimen has been
developed which will produce mode I behavior.? As il-
lustrated in Fig. 1, this specimen consists of a straight-sided
tensile coupon with starter cracks in the form of embedded
strips of homogeneous material. These strips are placed
along the free edges at the laminate midplane for the pur-
pose of inducing a mode I delamination response. The
specimen width is denoted by 25 and the crack length by a.
Tensile loading is applied to the specimen until the crack
begins to propagate toward the center of the coupon. At the
onset of crack propagation, there is an abrupt change in the
stress-strain curve, as illustrated in Fig. 1. The strain level at
which the crack moves is denoted by e.. This critical strain
level can then be used in conjunction with the equation
shown in Fig. 1 to calculate the mode I critical strain energy
release rate Gp.. This relationship is based on classical
laminated plate theory (CPT) in the absence of residual
stresses induced by temperature and moisture. In this rela-
tionship E, denotes the modulus of a specimen without an
edge delamination, while E* denotes the modulus of each
delaminated half after the crack has propagated completely
across the width of the specimen.
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In Ref. 3 an energy release rate expression which included
the effect of residual stresses was derived in conjunction with
the specimen illustrated in Fig. 1. This analysis was also
based on CPT. Such an approach, however, precludes any
estimation of the interlaminar normal stress distribution
ahead of the crack and resulting transient effects of specimen .
geometry on mode I strain energy release rate.

In the present paper a higher-order plate theory is used in
conjunction with a procedure suggested by Pagano,* in order
to determine an approximation to the interlaminar normal
stress distribution ahead of the crack and the resulting tran-
sient influence of specimen geometry on mode I strain energy
release rate. Such an approach has been successfully applied
to a double cantilever beam specimen.’ Numerical results are
obtained for 12-ply laminates of the class [8/—6,/6/90,],
and for the class [0;/905],.

Analysis

Because of symmetry considerations only the upper right
quarter of the plate, as illustrated in Fig. 2, need be con-
sidered. Symmetry also dictates that the transverse displace-
ment w and the interlaminar shear stresses 7,, and 7,, must
vanish at the laminate midplane in the uncracked region.
Thus in this region the normal surface traction at z= —h/2
is treated as a dependent variable. In the cracked region the
surface at z= —h/2 is free, and all tractions must vanish.
The analysis assumes cylindrical bending, i.e., all force and
moment resultants are independent of x.

As previously discussed by Pagano,* there are certain
minimum requirements that must be met by the plate theory
chosen to attack the problem shown in Fig. 2. In particular,
if we choose CPT to solve the problem, we find that the nor-
mal stress on the surface z= — /2 vanishes identically. This
difficulty can be overcome by considering a laminated plate
theory which includes the effects of transverse shear defor-
mation.® In this case, however, the transverse displacement
w is independent of z, and by prescribing w=0 at the surface
z=—h/2 we force w to vanish throughout the uncracked
region of the plate. Such a constraint does not allow the
transverse shear force resultant QJ, to be prescribed at both
ends (y=0, y= —b), leading to either a discontinuity in Q,
at y=0 or an incorrect value of Q, at y=—b Thus, as
concluded by Pagano,* the simplest appropriate theory must
include both transverse shear deformation and thickness-
stretch deformation mode. A modified form of the Whitney-
Sun laminated plate theory,’ as utilized by Pagano* for free-
edge stress analysis, meets the minimum requirements and
will be applied to the problem shown in Fig. 2. The analysis
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is based on the following displacement ficld:

u=xe+u®(y) +z9(») )
v=18(») +2¢(») @
w=w(y) +z6(y) 3

where u, v, and w denote displacements relative to the x, y,
and z axes, respectively, and e is a uniform axial strain.

Thus, the analysis is based on modified plane strain condi-
tions. Replacing the subscripts X, y, z, ¥z, xz, and xy by the
subscripts 1-6, respectively, the constitutive relations can be
written in the form

N; =Aijej(')+BikKk _I\flf (4j=1,2,3,6; k=1,2,6) ©)

Mi =BU6.? +DikKk —M,T (j= 1’213’6; i’k: 132’6) (5)

M,=k(B,If?+DKJ) (l)./=4’5) (7)

ij
where, denoting partial differentiation by a comma, we have

— .0 - - 0 - -
d=¢, =15, §=9¢, §=y+nl, =0, &=ul,

@®
Kl=0’ K2=¢”y) K4=¢:yv K5=07 K6=Q’y (9)
In addition, the following definitions are used:
12
Bl =" €yl 2)x (10)
where Cy; is a ply stiffness coefficient, and
12
wuMy={" o120z an

In Eq. (11), ¢; denotes ply stress components. The terms
with the superscript T denote thermal force and moment
resultants which are included for the purpose of determining
the effect of residual stresses due to laminate fabrication on
the EDT specimen. These terms are defined as follows:

h/2
WEMD=aT| | Que(lade (=126 (1)
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Fig. 1 Edge delamination test.
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h/2

N, =ATS_M Cyaydz  (j=1,2,3,6) a3)

where Q; and «; are the ply reduced stiffness for plane stress
and the ply thermal coefficient of linear expansion, respec-
tively. In Eqgs. (4-7), (12), and (13), summation is implied by
repeated indices. The use of the reduced stiffnesses Q;; in
Eq. (12) rather than C; will be discussed later. The tempera-
ture differential AT is the difference between use tempera-
ture—room temperature for the present purposes—and the
stress-free temperature, which is usually below the laminate
cure temperature. A shear correction factor k is introduced in-
to Egs. (6) and (7) in order to improve the accuracy of the
theory. For the present paper the value k=5/6 derived by
Medwadowski® for homogeneous, orthotropic materials is
utilized.

The equilibrium equations take the form?*

Nyyy=0 (14a)
N,,=0 (14b)
N,.,—q=0 (14c)
M,,—N, =0 (14d)
M, ,=N,+qh/2=0 (14e)
M,,,—Ny,, =0 (14f)
where
qg=o0,(y,—h/2) (15

Equations (14a) and (14b) in conjunction with the free-
edge boundary conditions at y=ga imply that

N,=N,, =0 (16)

Substitution of the constitutive relations, Egs. (4-9), into
Eqgs. (14a-14f) leads to six equations in the six kinematic
variables of Eqs. (1-3). In addition, for the class of laminates
[6/—86,/6/90,] we find

A=Ay =Asy=Ays=Bs=Bys=Byy=B,;5=0
N,Q:MQ:O amn

For the cylindrical bending assumptions displayed in Egs.
(1-3), however, D4 never appears in the governing equa-
tions. Thus D,s is the only shear coupling coefficient that
one must deal with for this class of laminates. In addition,
D, is an order of magnitude smaller than the other in-plane
bending coefficients D,, and D¢ which appear in the
governing equations. Thus the shear coupling is extremely
weak for this class of laminates. As a result, the D,4 cou-
pling is neglected in the present paper, which leads to the
simplification

W (y)=Q(y)=0 (18)

L

¥
h b2,
I 7 b & a t

) 1

WeTyz= Ty; =0 = Tp® Ty =0

Fig. 2 Nomenclature for the stress analysis model.
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All of the equilibrium equations, with the exception of Eq.
(14f), can be satisfied exactly by Eq. (18). For the class of
laminates [03/90;] 1, Dig=D,5=0, and Eq. (18) is an exact
solution to the governing equations.

As illustrated in Fig. 2, two intervals along the y axis are
considered. In the interval —(b—a)=<y=0, symmetry dic-
tates that w(y, —h/2)=0, and Eq. (3) yields

wl =Y he (19)

The surface traction ¢ now becomes a dependent variable. In
the interval 0<y=a, ¢=0, and the four kinematic variables
in Egs. (2) and (3) become the dependent variables.

Equations (14c) and (14d), along with the free-edge
boundary conditions at y=a, lead to result

N, =M,=0 O=sy=<a) (20)

The solution to the governing equations will consist of a
particular solution and a homogeneous solution. For
laminates in which b—a>2h, the exact solution outside of
the boundary zone — (b—a) =y=< —2h is provided by CPT,
in which each ply is assumed to be in a state of plane stress.’
Thus, in order to improve the accuracy of the results, the
particular solutions are developed in terms of CPT stiff-
nesses and thermal terms, with the stiffness coefficients as
defined in Eq. (10) being replaced by

h/2

ApBppp=|" 0,1z Gi=12 @D

The thermal terms are given by Eq. (12). For consistency,
Eqgs. (12) and (21) are used in conjunction with the particular
solutions in both regions of the plate under consideration.

Stress Distribution Ahead of the Crack
We now consider the solution in the region —(b—a)
=y=0. Continuity conditions at y=0 in conjunction with
Eq. (20) lead to the requirement

N, (0)=M,(0)=0 22
Along the centerline of the plate we require

Y(a—-b)=N, (a—b)=0 (23)

Equations (18-20), (22), and (23) form the basis of an iden-

tical problem solved by Pagano.* For laminates in which

b—a>2h, the stress distribution ahead of the crack may be
written in the form*

MA . ]
=5 1_;2 (N eV =\, ) M, 29
1

where y=y/h and
My=[ApBi, —A\BR)e+BHNT~ALMT1 /A3, (25)

Values of A; are determined from the roots of a characteristic
equation, which leads to the result

Ma2=d—r, 2N —4rry/2r, (26)

where r; is expressed in terms of the stiffnesses 4, B;, and
D;; as defined by Pagano.* For the materials considered in
the present paper, A; is real, so that Eq. (24) is valid.

Mode I Strain Energy Release Rate

The mode I strain energy release rate can be determined by
considering the work done by the external forces,?> with the
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result
dw
Gi=-— @)
where
0 a
W=S et (e—e] )N, dy+ So (e—el)N,dy (28)
—(b—a

In Eq. (28) the subscripts 1 and 2 refer to values in the
regions —(b—a)<y<0 and O=<y=<a, respectively. The
quantity €] is the effective free thermal expansion strain for
the ith region as derived from CPT and is given by the
relations
ApNT—ALN]

A\ An-Af7
A IN;‘—AzN; _1‘_13M;
A\ A - ALA, +BjA,

T
1

€

1l

ef

where
/_11 =A5D5 Bz’z2
l‘iz =A{,D3, - B[,B},
1‘-13 =A5nBf, —A{Bs
From Pagano’s solution* N,; can be written in the form
2
Ny =Eh(e—e[)+ ), AeN (29)
i=1
where A; is a function of \;, A;, By, and D;;. As previously
mentioned, E, is the effective modulus in the x direction as
determined from CPT for the laminate in the absence of
free-edge delamination (¢=0), with the result
E (A}, Al — A{})/hAL,

To obtain N,, we consider the solution to the governing
equations applicable to the region 0<y=<a. Applying the
condition N, =0, we find

W,y = (=Buyy,—And,)/An (30)

vg,y= ("AI’ZE—B2’2‘/’p.y+N;)/A2’2 @31)

where the subscripts 42 and p refer to homogeneous and par-

ticular solutions, respectively. Similarly, applying the condi-
tion N, =0, we find

Why=—V¥n— (Bu/ A,y (32

wl,=—v, (33)

Substituting Egs. (4-9) into Eq. (14¢) and taking into account

Eqgs. (30-33) along with the relationship M, =0, we obtain
the homogeneous equations

DYy, +D,y¢,=0 (34)
Dy, — (Ap/Au)Dsydy,,, + Dy =0 (35)

where
D, =ApnDy - B%z

D, =Ay»By—ApBy
D,= k(AuDy —334)

Dy=A5pAj 'A§3
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along with the particular solutions

_y (A{;Dy, ~ B3,B,)e~D3NT + BjuyMT

0= - : 36)
? A22D22 - (BZZ)2
v =~ (A3Bi — A, Bp)e+ BupNy —ApM; G7)
, A3Dj, —(BS)?
The axial force resultant can be written in the form
ApAi—ApA
Ny =E*h(e—el)+ 28 178 o
A22
AypBy,—A;B
+ 224712 122222 ‘ph,y (38)

A22

where E* is the effective modulus in the x direction, as deter-
mined from the particular solutions, for a laminate in which
the delamination extends completely across the width of the
laminate (a=b) and is given by the relationship?

E*=(A{A, _Al,ZAZ +B{,A3)/A\h

Solving Eqs. (34) and (35), we find

¥, =B,coshf3y + B,sinhSy + B, 39)
¢, = — C(B,sinhBy + B,coshBy) 40
where
C=D,8/D,h, B=hVAu(D,D,-D3)/A,D,D,

For materials considered in the present paper, 3 is real. The
coefficients B, and B, are determined by considering con-
tinuity of ¢ at y=0 and the free-edge condition

M, (a)=0 41
Equation (41) can be satisfied if
&p,y(a) =0 42)

Thus
¢, = CB,(tanhBa sinhBy —coshBy) (43)

where a=a/h. Combining Eqs. (27-29), (38), (39), and (43),
we obtain the strain energy release rate expression

2
G, = (e—¢]) [Exh(e—elr) + EAie—xi(IS—.i)]

i=1

DB, ] (a4

- (E—E{) [E*h(e—e{)+m

where b=b/h and
Ds=[(AyB1; —ApBp)B— (ApA; — ApAx)Chl /Axh (45)

Continuity of v°, w®, and ¢ at y=0 can be determined
from rigid body displacements and rotations but is not rele-
vant to the results presented in this paper.

If we neglect the transient portion of Eq. (45), the energy
release rate reduces to the form

Gy=h[E (e—¢€[)* —E*(e—¢€])?] (46)
For cases in which thermal stresses are not included (Ar=0),
Eq. (46) reduces to the energy release rate expression derived

by O’Brien? and illustrated in Fig. 1, i.e.,

G, =he}(E, ~E*) @7
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Numerical Results

Numerical results are now considered for laminates with
the following ply properties
E,/E,=14,

G,/E;=0.533,  Gy/E,=0.323

E3/E2=1, V12=0.3, V23=0.55

a;=-9%x10-7/°C, oy =a;=23%x10"%/°C (48)
where these properties are relative to an x,, x,, and x; axes
system parallel to the fibers, transverse to the fibers, and
through-the-thickness, respectively. Moduli in the x; direc-
tion are denoted by E;, while G; denote shear moduli
relative to the x;-x; plane. Poisson ratios, »;, are determined
by measuring the contraction in the x; direction during a
uniaxial tensile test in the x; direction. Thermal expansion
coefficients in the x; direction are denoted by «;. The proper-
ties in Eq. (48) are typical of current high-performance
graphite/epoxy unidirectional composites. Values of Q;; and
C,; can be determined from the properties in Eq. (48) by us-
ing standard relationships.!?

The stress distribution ahead of the crack, Eq. (24), is
shown in Fig. 3 for a [30/—30,/30/90,], laminate under
tensile loading. These results do not include the effect of
residual stresses. For the angle-ply laminates of the class
[6/—6,/6/90,], temperature has little effect on the shape of
the stress distribution ahead of the crack but does influence
the maximum stress which occurs at the crack front (y=0).
Such differences are illustrated in Table 1, where the average
stress near the crack tip is shown for a variety of laminate
orientations. Note that the stacking sequence must be reversed
for compression loading, i.e., the angle-ply geometry
must be of the class [90,/6/—86,/60], in order to produce a
positive o, at the crack tip under compression loading. In

2.5
GRAPHITE/EPOXY
[30/-302/30/902]5
2.0+ a/h=5
AT =0
1.5 |
w
w 1o
~
o
05 |-
° w'
-05 1 1 1 1
-25 -20 -1.5 -0 -05 [o]

y/h

Fig. 3 Stress distribution ahead of the crack at the midplane of an
angle-ply laminate.

Table 1 Average stress near crack tip
(graphite/epoxy a/h=>5)

Orientation AT (°C) € (%) g/Eje
[30/—30,/30/90,] 0 + 1.894
[30/—-30,/30/90, ], -117 +0.3 2.375
[90,/30/ = 30,/30] 0 - 1.725
[90,/30/-30,/30], -117 -0.3 1.287
[457 —45,/45/90,] 0 + 1.495
[45/ — 45,/45/90,1 -117 +0.3 1.682
[05/90, ], 0 + 0.2109
[05/90,], —117 +1.0 0.4186
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Fig. 4 Stress distribution ahead of the crack at the midplane of a
bidirectional laminate.
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b/h=25
05t
o L 1 L L
0 5 10 15 20 25
a’h

Fig. 5 Mode 1 strain energy release rate as a function of crack
length for a 30-deg angle-ply laminate under tensile loading.

such cases residual stress produces a compression o, at the
crack tip. Thus the stress at the crack front in the case of
compressive loading is reduced by the presence of residual
stresses due to composite fabrication.

For the cases where AT =0, the axial strain ¢ can be nor-
malized out of the solution. In the residual stress case,
however, normalization requires that the ratio AT/e be
prescribed. Thus a strain level, as well as a value of AT, is
given in such examples. The strain level of ¢=0.3% for the
angle-ply laminates is near e, as determined experimentally
for typical angle-ply laminates.® In the case of the bi-
directional class of laminates, [05/90,],, the value of ¢ is
chosen to be much larger, as e, will be much larger for such
laminates. This is because in the absence of thermal residual
stresses, the curvature due to bending-extensional coupling,
which determines the magnitude of ¢, near the crack front,
depends on the mismatch between the effective Poisson
ratios »,, of the ply units in the laminate. The example, the
mismatch between the ratio »,, for [ £6] laminates and that
for [90,] laminates is much greater than between the ratios
for [0;] laminates and [90,] laminates. In particular, the
[ £6], laminates can produce values of »,, in excess of unity.
For [0;] laminates, »,,=»;,=0.3 is a typical value. For
units of 90 deg plies, »,, =», =0.021 is a typical value. In
the case of thermal residual stresses, the mismatch between
the effective thermal expansion coefficients o, of the ply
units determines the intensity of ¢, at the crack front. Angle-
ply units of the class [ +0], have much lower values of «,

Fig. 6 Mode I strain energy release rate as a function of crack length
for a 30-deg angle-ply laminate under compression loading.

2.0
GRAPHITE/EPOXY
[45/-45,/45/90,] s
b/h=25
1.5
o
v
S, ‘AT=-II7°C,E=0‘3%
woro
Ll
(L]
\_ar-0
0.5p
0 1 | - 1 ]
o] 5 10 15 20 25
a’/h

Fig. 7 Mode I strain energy release rate as a function of crack
length for a 45-deg angle-ply laminate under tensile loading.

than do [0;] wunits. In addition, for [90,] laminates,
a, =0y =—0.9x107%/°C for the material under considera-
tion. Thus both the [6/—8,/6/90,], and [0,/90,], classes
of laminates can produce considerable mismatch between ply
units, but the bidirectional class is much more significant.
This is also illustrated in Table 1 and in Fig. 4, where the
shape of the stress distribution ahead of the crack is
drastically changed owing to thermal effects, as well as the
average stress g near the crack tip, which is defined as

1 0
J =— 4
7= S_ho qdy (49)

where h, is taken as one ply thickness, i.e., hg=h/12. An
average stress is utilized because of the presence of a crack
tip singularity in an exact elasticity solution which renders
the magnitude of g at the crack tip meaningless in an ap-
proximate analysis.

Normalized values of mode I strain energy release rate are
shown in Figs. 5-8. A cursory examination of Eq. (44) and
the results in Figs. 5-8 reveal that two parameters govern the
value of G; for a given laminate: a/h and b/h. For current
EDT specimens b/h=25 is typical. This assumes 2b =38 mm
(1.5 in.), while for a 12-ply graphite/epoxy laminate
2h=1.52 mm (0.06 in.). For the laminates loaded in tension,
residual stresses increase the energy release rate. This is due
to the asymmetric nature of the upper half of the lami-
nates under consideration, i.e., laminates of the class
[6/—6,/8/90,]1 and [0;/905], will open outward under
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0.10
GRAPHITE /EPOXY
03/90
008 | [ 3 3]5
a/h=25
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Fig. 8 Mode I strain energy release rate as a fumction of crack
length for a bidirectional laminate under tensile loading.

negative values of AT, resulting in an initial stress at the
crack front which must be accounted for in the determina-
tion of critical strain energy release rates G;. For the
[0,/90,] ;- class of asymmetric laminate, the initial curvature
due to residual stress is very large. Thus in this case, as il-
lustrated in Fig. 8, the effect of residual stress on G is very
large. For the case of compression loading (see Fig. 6) and
the [90,/68/—0,/6] class of laminates, residual stresses tend
to close the crack owing to reversal of stacking sequence. As
a result, residual stresses reduce values of G,. From Figs. 5-8
it can easily be seen that G; is independent of crack length
for a wide range of practical values of a/h.

The cure temperature for standard graphite/epoxy
laminates is 177°C (350°F). If we consider room temperature
to be 21°C (70°F), then the maximum value of AT for room
temperature consideration is —156°C. Data obtained by
Pagano and Hahn'! on the load-free deformation of asym-
metric laminates indicates a stress-free temperature in the
range of 121°C (250°F) to 149°C (300°F). The value of
AT= —117°C is obtained by assuming a stress-free tempera-
ture of 138°C (280°F). Although the dramatic increase in G,
with decreasingly small values of a/h, as observed in Figs.
5-8, suggests that G; becomes unbounded as the crack length
vanishes, an examination of Eq. (44) reveals that G, does not
become singular as a/hA—0. Such small values of a/h are of
little practical interest, and the precise behavior of Gy in this
range is only of academic interest.

Conclusions

A higher-order laminated plate theory has been utilized to
obtain an approximate solution to the normal stress distribu-
tion ahead of thie crack in a mode I edge delamination
specimen containing a starter crack. The analysis is also used
to assess the effect of specimen geometry and thermal
residual stresses due to laminate fabrication on the mode I
strain energy release rate. In the analysis the plate is divided
into a section along the crack and a second section along the
uncracked region. Complete continuity of force resultants,
bending moment, and displacments are satisfied across the
boundary between the two sections.

Numerical results are presented fo 12-ply laminates of the
classes [0/—~0,/6/90,1;, [03/90;];, and [90,/8/—0,/0],.
Tensile loading is considered in conjunction with the first
two laminates, and compression loading in conjunction with
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the third laminate. The following conclusions are drawn
from the numerical results:

1) The effect of the normal stress ahead of the crack
dissipates within a distance of approximately 22 from the
crack front.

2) The mode I energy release rate G, is independent of
crack length over the interval 0.5h=<a=<b—>5h.

3) Residual stresses due to fabrication increase the
magnitude of the stress at the crack tip for tensile EDT
specimens, and reduce the magnitude for compression EDT
specimens.

4) Residual stresses due to fabrication increase Gy for ten-
sile EDT specimens and reduce G; for compression EDT
specimens.

5) Residual stresses due to fabrication can have a signifi-
cant influence on both the stress distribution at the crack
front and G,.

The conclusion concerning residual stress effects needs ad-
ditional consideration. In particular, residual stresses due to
composite fabrication can be reduced in epoxy resin
materials by the presence of moisture. In most applications,
however, the distribution of moisture through the thickness
will not be uniform. Thus the combined effects of moisture
and temperature may produce complex results on both the
stress distribution ahead of the crack and the mode I strain
energy release rate. In structural problems such as delamina-
tion and buckling, residual stresses may be significant. To
date, residual stresses have not been considered in such prob-
lems.
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